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[Use a separate Answer Book for each group] 
 

Group – A 

Answer any three questions : [3×10] 
 

1. a) Let be an arbitrary non-empty set. Let n{A ,n } be a sequence of non empty subsets of . 

Define 

  lim sup An = { w : w belongs to infinitely many An’s} 

  lim inf An = { w : w  belongs to all but a finitely many An’s}. 

  Show that  i) lim inf n nA limsupA and 

    ii) lim sup
n k

n 1 k n

A A
 

 

 , lim inf 
n k

n 1 k n

A A
 

 

  

  If An’s are monotone (i.e, either n n 1 n 1 nA A or A A for n 1   ) identify lim sup An and  

  lim inf An as subsets of . [1+2+2+2] 

 b) If An’s are measurable n , then lim sup An and lim inf An are measurable. [3] 
 

2. Recall that a non-empty collection A of subsets of a non empty set  is said to be a RING if 

A,BA  imply A B A and A B A . 

 Given two subsets A,B, A B (A B) (B A)    is called the symmetric difference of A and B. 

 a) Given a non-empty collection A of subsets of , show that A is a ring iff A is closed under the 

formation of symmetric differences and finite intersections. (Hint : Note that A B A B  if 

A B ) 

  Call a family M of subsets of a set a MONOTONE CLASS if nA ,n 1 M and An’s are increasing 

(or An’s are decreasing) then 
n

n 1

A




 n

n 1

or A




 
 
 

belongs to M. [4] 

 b) A field F of subsets of a set is a monotone class iff it is a -field : Prove this. [3] 

 c) Let A be a -ring which is not -algebra. Let B be the smallest -algebra containing A and set 

R {E :cE R}  . (cE – Complement of E).Then R R B and R R . [3] 
 

3. a) Let 
be an outer-measure on ( , ( )) P . Let ( )M be the set of all 

-measurable sets of . 

We know that ( , ( ), )   M is a measure space. Show that 
is a complete measure on 

( , ( )) M . [4] 

 b) Let  and Q = { A : A is countable or A
c
 is countable}. Define on Q as follows :  

  (A)  = 0 if A is countable  

   = 1 if A
c
 is countable 

  Is  a measure on ( ,Q) ? [3] 

 c) Let {an} be a sequence of non-negative numbers and for A , let n

n A

(A) a


  . Show that 

is a complete measure on the measure space ( ,P( ), ). [3] 
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4. By definition, the Borel - field on , ( )B , is the- field generated by the class 

{(a,b) : a b;a,b }  I . A subset B is called a Borel set if B ( )B . Let  denote the 

Lebesgue measure on ( )B .  

 a) Suppose o {[a,b]: a b;a,b }  I . Show that o( ) ( ) BI . [3] 

 b) Consider S the set of all rationals in [0,1]. Let 1 2 n{I , I ,..., I }be a family of bounded open intervals 

of such that 
n

k

k 1

S I


 . Prove that 
n

k

k 1

1 (I )


  . [4] 

 c) Let f be defined on [0,1] by f(0) = 0, 
1

f (x) x sin
x

 for x > 0. Find the measure of the set 

{x : f (x) 0} . [3] 
 

5. a) Give an example of a sequence of Riemann Integrable function which converges to Lebesgue but 

non-Riemann Integrable function. [2] 

 b) Give an example of a Lebesgue measurable set that is not Borel. [5] 

 c) Show that the cardinality of Lebesgue measurable sets on is 2
c
, where c is the cardinality of 

reals ( ).  [3] 
 

Group - B 
 

Answer any four questions : [4×5] 
 

6. Prove that the set of points at which a sequence of measurable real functions converges is a 

measurable set. [5] 
 

7. a) Let f :  be a continuous function such that f (x) 0 x   . Moreover, (A) (f (A))   

for any subset A of . Show that there exist c , s.t f (x) x c x   . Here is the 

Lebesgue measure on . [3] 

 b) Show that there exists a closed subset of \ Q  which is countable. (Q, the set of rationals). [2] 
 

8. Suppose nf : X [0, ]  is measurable for n are 1 2 3f f f ... 0   . Suppose nf (x) f (x) as 

n, for every x X , and 
1

1f L ( ) . Prove that then n
n

X X

lim f d f d


  and give an example to 

show that the hypothesis “
1

1f L ( ) ” cannot be dropped to conclude the result. [4+1] 
 

9. State and prove the Fatou's lemma for integration in measure theory. Put n Ef  if n is odd, 

n Ef 1 if n is even. What is the relevance of this example to Fatou's lemma? [3+2] 
 

10. Let nf (x) min{f (x),n} , where f 0 is measurable. Show that 
n n 1f dx f dx n   and 

n
n
lim f dx f dx


 . [5] 

 

11. Suppose 
1f L ( ) . Prove that for all 0 0 s.t. 

E

| f | d  whenever E M and (E) . [5] 
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